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We compute the ratio between the scale ΛL associated with a lattice formulation
of QCD using the overlap-Dirac operator, and Λ
MS
. To this end, the one-loop
relation between the lattice coupling g0 and the coupling renormalized in the MS
scheme is calculated, using the lattice background field technique. We also com-
pute the one-loop renormalization ZΓ of the two-quark operators ψ¯Γψ, where Γ
denotes a generic Dirac matrix. Furthermore, we study the renormalization of
quark bilinears which are more extended and have better chiral properties. Fi-
nally, we present improved estimates of ZΓ, coming from cactus resummation and
from mean field perturbation theory.
It has recently been shown that chiral symmetry can be realized in lattice
QCD without fermion doubling, circumventing the Nielsen-Ninomiya theorem
(for a list of references, see our publications [1,2]; for reviews see, e.g., Refs.
[3,4]). This has been achieved by introducing an overlap-Dirac operator derived
from the overlap formulation of chiral fermions 5. The simplest such example,
for a massless fermion, is given by the Neuberger-Dirac operator 6
DN =
1
a
ρ
[
1 +X(X†X)−1/2
]
, X = DW −
1
a
ρ, (1)
a is the lattice spacing, ρ∈(0, 2) a parameter, DW the Wilson-Dirac operator
DW =
1
2
[
γµ
(
∇
∗
µ+∇µ
)
−a∇∗µ∇µ
]
, a∇µψ(x) = U(x, µ)ψ(x+ aµˆ)−ψ(x). (2)
DN has a number of desirable features: The Ginsparg-Wilson relation:
γ5DN +DN γ5 = aDN γ5DN, protects the quark masses from additive renor-
malization, and implies renormalizability to all orders of perturbation theory7.
This relation also leads to the existence of an exact chiral symmetry of the lat-
tice action 8, with chiral Ward identities which ensure the non-renormalization
aPresented the talk
1
of vector and flavor non-singlet axial vector currents and the absence of mixing
among operators in different chiral representations. Chiral symmetry results
in leading scaling corrections to hadron masses which are O(a2), rather than
O(a). The axial anomaly is correctly reproduced by the fermion integral mea-
sure, which is non-invariant under flavour-singlet chiral transformations. DN
avoids fermion doubling at the expense of not being strictly local: Locality is
recovered in a more general sense, i.e. allowing an exponential decay of the
kernel of DN at a rate which scales with the lattice spacing and not with the
physical quantities 9.
In what follows, we present perturbative calculations, in lattice QCD with
the operator DN, of several quantities which are needed to relate Monte Carlo
data to physical observables. Lack of strict locality greatly complicates these
calculations, as compared to the Wilson case. Technical details may be found
in our publications [1,2].
To evaluate ΛL/ΛMS we need to calculate
1 the one-loop relation between
g0 and the renormalized MS coupling g at scale µ: g0 = Zg(g0, aµ)g. Writing:
Zg(g0, x)
2=1+g20 (2b0 lnx+l0)+O(g
4
0), one has: l0=2b0 ln
(
ΛL/ΛMS
)
.
The algebra was performed using a symbolic manipulation package which
we have developed in Mathematica. For the present purposes, this package
was augmented to include the propagator and vertices of the overlap action.
Our results are shown in Figure 1 for different numbers Nf of fermion
flavours. Some particular cases of interest are (SU(3), ρ=1):
ΛL/ΛMS = 0.034711 (Nf=0), 0.025042 (Nf=1), 0.011273 (Nf=3),
(cf. Wilson fermions: ΛL/ΛMS = 0.029412 (Nf=1), 0.019618 (Nf=3) ).
Figure 1: ΛL/ΛMS in SU(3), as a function of
ρ .
Figure 2: The coefficients bL(ρ), bL
Oi
(ρ), as a
function of ρ .
2
We have furthermore computed 2, to one loop, the renormalization con-
stants ZO of the local fermionic currents:
Oi = ψ¯(x)Γiψ(x), Γi = 1 (S), γ5 (P ), γµ (V ), γµγ5 (A), σµνγ5 (T ),
and their extended (non-ultralocal), improved counterparts:
O′i ≡ ψ¯Γi (1− aDN/2)ψ, O
′′
i ≡ ψ¯ (1− aDN/2)Γi (1− aDN/2)ψ.
(O′i obey Ward identities leading to: ZS′ = ZP ′ , ZV ′ = ZA′ . O
′′
i are free of
O(a) errors, not only in the spectrum, but also in generic matrix elements.)
We have proved that: ZO′
i
= ZOi , and also: ZO′′
i
= ZOi .
We calculated ZOi = 1+g
2cF [(cOi − c) ln a
2µ2+ bMSOi − b
MS
− bLOi + b
L] (see
Ref. [2] for notation). ZOi are independent of the gauge parameter and of the
fermion mass. The results for bL and bLOi are shown in Figure 2; they do not
depend on N or Nf . As an example, ZOi at ρ = 1 is:
ZS,P = 1 + g
2cF
[
3 (ln a2µ2)/16pi2 + 0.204977
]
, ZA,V = 1+ g
2cF
[
0.198206
]
,
ZT = 1 + g
2cF
[
−(ln a2µ2)/16pi2 + 0.204392
]
.
Finally, we have obtained improved estimates for ZOi , coming from a re-
summation to all orders of “cactus” diagrams 10. These diagrams are often
largely responsible for lattice artifacts. Our method is gauge invariant, and
systematic in dressing higher loop contributions; applied to a number of cases
of interest, it has yielded results remarkably close to nonperturbative estimates.
In particular, for ZV,A we find (at g0 = 1, ρ = 1): ZV,A ≃ 1.35, as
compared to our undressed result: ZV,A = 1.26427 .
To conclude, some feasible future tasks, alongside with numerical simula-
tion, are: Calculation of the β-function for the overlap-Dirac operator, running
fermion masses, renormalization of 4-fermion operators 11 (Z∆S=2, etc.).
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